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Abstract In this paper we propose novel algorithms for reconfiguringdumiar
robots that are composed ofatoms. Each atom has the shape of a unit cube and
can expand/contract each face by half a unit, as well ashattaor detach from
faces of neighboring atoms. For universal reconfiguratioms must be arranged
in 2 x 2x 2 modules. We respect certain physical constraints: eash etaches
at most unit velocity and (via expansion) can displace attrans other atom. We
require that one of the atoms can store a map of the targetgcwafion. Our al-
gorithms involve a total oD(n?) such atom operations, which are performed in
O(n) parallel steps. This improves on previous reconfiguratigorithms, which
either useD(n?) parallel steps [8, 10, 4] or do not respect the constraintstioreed
above [1]. In fact, in the setting considered, our algorghare optimal, in the sense
that certain reconfigurations requifyn) parallel steps. A further advantage of our
algorithms is that reconfiguration can take place withinthesn of the source and
target configurations.
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1 Introduction

Crystalline and Telecube robots.In this paper, we present new algorithms for the
reconfiguration of robots composedaf/stalline atomg3, 4, 8] ortelecube atoms
[9, 10], both of which have been prototyped.

The atoms of these robots are cubic in shape, and are arrangeplid configu-
ration. Each atom is equipped with mechanisms allowing é&xiend each face out
one unit and later retract it back. Furthermore, the facesattach to or detach from
faces of adjacent atoms; at all times, the atoms should foconaected unit. The
default configuration for a Crystalline atom has expandeddawnhile the default
for a Telecube atom has contracted faces.

When groups of atoms perform the four basic atom operatmxsand, contract,
attach, detach) in a coordinated way, the atoms move reltatiene another, result-
ing in areconfiguration of the robot. Figure 1 shows an exarop reconfiguration.
To ensure that all reconfigurations are possible, atoms beuatranged ik x k x k
modules, wherd > 2 [1, 10]. In the D setting that we focus on, we assume that
modules consist of 2 atoms. Our algorithms can easily be extendeddo 3

We refer the reader to [8, 10, 1] for a more detailed and basicduction to these
robots. Various types of self-reconfiguring robots, as wasllrelated algorithmic
issues, are surveyed in [6, 11].
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Fig. 1: Example of reconfiguring crystalline atoms.

The model. The problem we solve is to reconfigure a given connected saono-
figuration ofn modules to a specified, arbitrary, connected target coraigunT in
O(n) parallel steps. We allow modules to be able to exert only ateorh amount of
force, independent of. In other words each module has the ability to push/pull one
other module by a unit distance (the length of one moduleiwia unit of time.
Simply bounding the force may still lead to arbitrarily higilocities and thus rather
unrealistic motions. On the other hand, in some situationsresmaximal control
is desired (e.g., treacherous conditions, dynamic olestlironment, minimally
stable static configuration of the robot itself) it may beidgsde to strictly limit ve-
locity. Thus we also bound maximum velocity (and so the manmahby a constant
(module length / unit time). Our algorithms are designeddorstalline robots. For
a discussion of the main differences for Telecube robo&sSsetion 5.

We restrict our descriptions to a 2D lattice. None of our téghes depend on
dimension, so it is straightforward to extend to 3D robotseB the 2x 2 mod-
ule size, a cell of the lattice can contain up to two moduleg (8ig. 2). Cells are
marked with an integer i§0,1,2}: a 0-cell corresponds to a nodeTnthat has no
module yet, a 1-cell contains one module, and a 2-cell cost@vo (compressed)
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modules. In a 2-cell, we sometimes distinguish betweerhtigmodule and the
guestmodule.

Fig. 2: The middle cell contains two modules. The geebstmodule is capable of turning orienta-
tion. Only initial and final configurations are shown.

Let rp be a specialized module that has access to a map of the tamget c
figuration, T. We compute a spanning tr&eof the source configuration, rooted
at rg, and instruct cells to attach/detach so that the attactsmawodel the tree
connections inS. The spanning tree can be computed in linear time and con-
structed via local communication. The tree structure betweells is maintained
throughout the algorithm by physical connections betweest Inodules. These
modules are also responsible for the parent-child pointerctuire of the tree.
For each nodel € S, let P(u) denote the parent af in S. A child of a cellu is
adjacent either on the east, north, west, or south side bét thehighest priority
child of u be the first child in counterclockwise order starting with #ast direction.

Related results. Algorithms for reconfiguring Crystalline and Telecube rtsho
in O(n?) parallel steps have been given in [8, 10, 4]. The same bouinddked
in [5], which deals with reconfigurations of a specific clabmodular robots (more
restrictive than Crystalline). A linear-time parallel atghm for reconfiguring
within the bounding box of source and target is given in [lheTtotal number
of individual moves is also linear. However, no restricicare made concerning
physical properties of the robots. For exampgl¥n) strength is required, since
modules can carry towers and push large masses duringrceparations. An
O(logn) time algorithm for 2D robots that us€{nlogn) parallel moves and also
stays within the bounding box is given in [2] (and it seemg tha algorithm can
be extended to 3D). However, not only do modules h@{e) physical strength,
they can also reac®(n) velocity. An O(,/n) time algorithm for 2D robots, using
the third dimension as an intermediate, is given in [7]. Tikigptimal in the model
considered, which permits linear velocities, but only d¢ans acceleration. If
applied within the model used in [2], this algorithm wouldhrim constant time. We
remind the reader that, unlike [7, 1, 2], we limit force antbedy to a constant level.

Contributions of this paper. We present two algorithms to reconfigure Crystalline
robots inO(n) time steps, usin@(n) parallel moves per time step. Our first algo-
rithm (Section 3) is slightly simpler to describe, and rekly easily adaptable to
Telecube robots. It also forms the basis of our second dhgor{Section 4), which
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is exactlyin-place i.e., it uses only the cells of the union of the source angletar
configurations. This is particularly interesting if theme abstacles in the environ-
ment. Both algorithms consider the given robot as a spartréeg and push leaves
towards the root with “parallel tunneling”. No global commcation is required.
This means that constant-size memory suffices for each omnrnodule, which
can decide how to move at each step based solely on the stateseighbors. In
the realistic model considered in this paper, our algorglane optimal, in the sense
that certain reconfigurations require a linear number odltelrmoves.

2 Primitive operations

Let mandq be adjacent cells. We define the following primitive operasi:

1. PUSHINLEAF(m,q) — applies whem = P(m), mis a leaf, and both are uncom-
pressed. Heran becomes empty ang becomes compressed (i.g.fakes the
module ofmas a guest).

2. PorOUTLEAF(m,q) — applies whem is compressed am is empty. This is the
inverse of the BSHINLEAF operation.

3. TRANSFERM, Q) — applies whemm is compressed and is non-empty; ifq is
compressed, the guests of both cells physically exchangitigpes. Otherwise,
the guest ommoves into (and becomes a guestaf)

. ATTACH(m,g) — host modules im andq form a physical connection.

. DETACH(m,g) — the inverse oATTACH.

. SwiTcH(m) — applies whemis compressed. Its two modules physically switch
positions (and roles of host and guest).

o 01 A~

PUSHINLEAF, POPOUTLEAF, and TRANSFERare illustrated in Fig. 3.

PushinLeaf
e,

—_—
PopOutLear

(@ (b)

Fig. 3: (&) RusHINLEAF and RoPOUTLEAF. (b) TRANSFER Only initial and final configurations
are shown.

Note that any permutation of atoms within a module can bazedlin linear
time with respect to the size of the module (i@(1) time for our modules). Thus a
compressed cell may transfer or push one module to any idineeind two modules
within a cell can switch roles. Details are omitted due tocgp@strictions.

In the remainder of this paper, we assume that all parall¢ioms are synchro-
nized. However, due to the simple hierarchical tree stmectdi our robots, we find
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it plausible that our algorithms could be implemented so thedules may operate
asynchronously. Details remain to be verified.

Lemma 0.1.OperationsPUSHINL EAF, POPOUTLEAF, SWITCH and TRANSFER
maintain the tree structure of a robot.

The proofis omitted for lack of space.

In our basic motions, modules move by one unit length per §t@p. The moving
modules do not carry other modules. Thus our reconfiguratigorithms place no
additional force constraints beyond those requiredyreconfiguration algorithm.

3 Reconfiguration via canonical form

This section describes an algorithm to reconfig8rmito T via an intermediate
canonical configuration. Modules follow a path directly b trootrg, and into a
canonical “storage configuration”. We focus on the consipacof one type of
canonical form, a vertical lin¥. In factV could be any path that avoids the source
configuration. Thus the entire reconfiguration can takeetatatively close to the
bounding box ofS. Reconfiguring fronV to T is relatively straightforward and not
discussed here, due to space restrictions.

We first moverg to a maximum possiblg-coordinate withinS: This involves
pushing in a leaf and iteratively transferring itttg so thatro becomes part of a
2-cell and then is able to iteratively transfer to its tardgéadte that this might not
be necessary in implementations in which all modules araldapof playing the
role of ro (for example, if all modules have a map ®f or if all are capable of
communicating to an external processor). This initial sssfollowed by two main
phases, during whichy does not move.

In the first phase, we repeatedly apply procedure £XERSTEP to move mod-
ules closer tag, by compressing in at the leaves and movingip parallel. The
shape ofS shrinks, as BSHINLEAF operations in CUSTERSTEP compress leaf
modules into their parent cells. It is not critical that adlls become compressed.
In fact this phase mainly helps to analyze the total numberaoéllel steps in our
algorithm. At the end of this phase, albn-leafcells will become 2-cells. In this
state we refer t& as beindully compressed

CLUSTERSTEP(S)

For all cellsu in Sexcept for that containing,, execute the following in parallel
If P(u) is a 1-cell
If uis the highest priority child oP(u) and
all siblings ofu are leaves or 2-cells,
If uis a 1-cell leaf then BSHINLEAF(u, P(u)).
If uis a 2-cell, then RANSFER(U,P(u)).




SOURCECLUSTER(S)

Repeat untiSis fully compressed
CLUSTERSTER(S).

SOURCECLUSTERIS illustrated in Figure 4. The task of compressing a parelit c
P(u) falls onto its highest priority child). Note thatP(u) first becomes compressed
only when all its subtrees amssentiallycompressed. That is, evenlifis ready
to supply a module td(u), it waits until all other children are also ready. This
rule could be altered, and in fact the whole process would the slightly faster.
Here, we ensure that once the root of a subtree becomes cssedré will supply

a steady stream of guest modules to its ancestors.
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Fig. 4: An example of SURCECLUSTER.

In the second phase, we constrictvhile emptyingS, one module at a time.
This is described in the second step of algorithREET OPATH, and is illustrated in
Figure 5.

Algorithm TREETOPATH(S,V)

1. SOURCECLUSTER(S
2. Letd be the cell containingy as ahost LetV =d.
Repeat untiV contains all modules:
a) For all 2-cellauin V, execute in parallel:
Let c be the cell vertically abovae.
If cis empty, ®POUTLEAF(u,c);
Otherwise, RANSFERU, C).
b) CLUSTERSTEP(S)

Lemma 0.2.1f S is a set of modules physically connected in a tree of cilen
CLUSTERSTER(S) returns a tree containing the same set of modules, wtraia-m
taining connectivity. So do€URCECLUSTER(S).



Realistic Reconfiguration of Crystalline (and Telecubep&s 7

1 1 2 2
| | | |
2]% ol T nol2] o R[]
| | | TR |
1T =2 —2t T—2—2t 1T-=2—1t T—2—1t 1T—=1-—2¢
‘B ‘BB B o B
1t 21 1t 21 1t 2t 1t 2t 1t 2t
(a) L(b)
1 1 1 1 2 2
| | | | I |
1 1 2 2 1 1
| | | | | |
% [L] % 2] ] 7o [L] | o]
| | | | | |
=1 —2t 7 —1t 27 —1t 1T —2t 1 —2t 7 —1t
B B B B ‘B |
1t 2t 14 2t 11 21 1t 24 1t 2t 24
(©) () ()
1 1 1 1 2 2
| I | | | |
1 1 2 2 1 1
I I | | | I
2 2 1 1 2 2
| | | I | |
n[L] L] 7 [ o[2] o] o[
| | | | | |
T—}% T—%f T—ff T—}% T—}f %f
24 2 2t 24 2t 24
() (2 i (h)

Fig. 5: An example of REETOPATH.

Proof. CLUSTERSTEP invokes two basic operationsjyBHINLEAF and TRANS-
FER By Lemma 0.1, these operations maintain a tree. The claliowfe immedi-
ately for OURCECLUSTER. 0O

The height of a cell irSis the height of its subtree ia

Lemma0.3.Let r be a cell in S with height B 2. In iteration h-1 of
SOURCECLUSTER(S), r becomes a 2-cell for the first time.

Proof. Prior to the first iteration$S contains only 1-cells. The proof is by induction
on h. For the base case whén= 2, the children of are leaves. Therefore, in the
first iteration, during CUSTERSTEP, the highest priority leaf compresses imto

Now assume inductively that the lemma is true for all sutsti@feneight smaller
thanh. Cell r must have at least one chitdwith heighth—1. By the inductive
hypothesis¢c becomes a 2-cell in iteratidm—2, and all its other non-leaf children
are 2-cells by the end of iteratidn-2. Therefore, at iteration—1, for the first time
the conditions are satisfied forto receive a module from its highest priority child
during QLUUSTERSTEP. 0O

Lemma 0.4.Letr be a 2-cell with height h that transfers its guest modalB(r) in
iteration i of SOURCECLUSTER. Then at the end of iterationHl, r is either a leaf
or a 2-cell again.
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Proof. First note that at the beginning of iterationl, r is a 1-cell andP(r) is a
2-cell. Thus ifr is a leaf after iteratiom, it remains so. On the other handrihas
children g > 2), it will become a 2-cell. We prove this by assuming indulfy that
our claim holds for all heights less théinConsider the base case whegs- 2. At
the end of iteration, all children ofr are leaves and thus one will compress into
(note thatr mightalsobecome a leaf in this particular case).

Forh > 2, consider the iterationp< i in whichr received the guest module that it
later transfers t®(r) in iterationi. At the beginning of iteration, all of r’s children
were leaves or 2-cells, since that is a requirement forreceive a guest. Letbe
the child that passed the modulertdf c used the BSHINL EAF operation, then at
the end of iteratiorj, r has one fewer children (but at least one). The other children
remain leaves or 2-cells until iteration- 1, whenr becomes a 1-cell again. Thus in
iterationi+1, conditions are set farto receive a module.

On the other hand, if used the RANSFER operation, we apply the inductive
hypothesis: at the end of iteratiga-1 < i, c is either a leaf or a 2-cell. During
iterationsj andj+1 in whichr is busy receiving or transferring a module, all other
children ofr (if any) remain leaves or 2-cells. Therefore in iteratjgr2 < i+1, the
conditions are set farto receive a module. O

Let the depth of a cell in a tree be its distance from the roend¢, the root has
depth zero.

Lemma 0.5. SOURCECLUSTERterminates after at mo&h—1 iterations ofCLUS-
TERSTEP.

Proof. We claim that at the completion of iteratitm-1+d of SOURCECLUSTER,
all non-leaf modules at depth less than or equdlitnS, ;.4 are 2-cells. The proof
is by induction ord. The base case is the root®f ; at depthld = 0. By Lemma 0.3,
the root becomes a 2-cell in iteratiba- 1. Assume inductively that our claim is true
for all valuesd’, where 0< d’ < d.
Now consider a celp at depthd—1 that has children. By the inductive hypoth-
esis,p and all its ancestors are 2-cells by the end of iteratierh—1+(d—1), and
p is the last of this group to become a 2-cell. Thus at the beéggnof iterationi, all
children ofp are either leaves or 2-cells. During iteratioonly p's highest priority
child ¢ changes, either by transferring a guest module mib c is a 2-cell), or by
pushing intop (if cis a 1-cell leaf). In the first case, by Lemma Q4yill be a 2-cell
or a leaf by the end of iteration-1. In the second casejs not part ofSanymore.
Sincep will not accept new guest modules after iteratipall siblings ofc remain
leaves or 2-cells during iteratidr-1. Thus at the end of this iteration, our claim
holds for depthd. By settingd = h, our result follows. O

Let along gapconsist of two adjacent 1-cells that are not leaves. A treeds
clusteredif it has no long gaps. Observe that a fully compressed treesgecial
case of a root-clustered tree.

Lemma0.6.Let S be a root-clustered tree. Then after one application of
CLUSTERSTER(S), S remains root-clustered.
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Proof. This follows from claims in the proof of Lemma 0.4. Speciflgatonsider
any 2-cellu. If CLUSTERSTEP keepsu as a 2-cell, them is not part of a long gap.
Otherwise, ifu sends a module t8(u), none of the children afl attempt to transfer
a module tou. Now consider any 1-cell non-leaf childof u. Since there was no
long gap inS, all children ofy were either 2-cells or leaves. Thysvill become a
2-cell during this iteration of CUSTERSTEP. Again we conclude that cannot be
part of along gap. O

Theorem 0.1.Algorithm TREETOPATH terminates in linear time.

Proof. By Lemma 0.5, ®URCECLUSTERterminates in linear time. In fact by treat-
ing the final top position 0¥ as an implicit root, our claim follows.

More specifically, however, we analyze the transition fr&into V. When
SOURCECLUSTER terminatesSis fully compressed (i.e., root-clustered), and we
setrg to be the host in celll.

In step 2ad sends a module to the empty positiovertically above, iftis not a

2-cell. We may treat the positianasP(d), and consider step 2a to be synchronous
to step 2b. In other wordsl,is the only child ofc, and thugl follows the same rules
as Q. USTERSTEP. In fact, sinceSis fully compressed, after the first iteration of
phase 2, the tree rooted @will be root-clustered (onlg and the highest-priority
child of d will not be 2-cells). Therefore, by Lemma 0.6, in every iteva of phase
2, Sremains root-clustered. Thus in every even iteratibsupplies a module to,
and in every odd iteratiod is given a module from one of its children. Informally,
whend sends a module up ini, the gap (in the sense of lack of guest module) that
is created irStravels down the highest priority path $tintil it disappears at a leaf.
In general, a guest module on the priority path will never l@arthan two steps
away fromd, following the analysis of Lemma 0.4. Withiv, a stream of guest
modules, two units apart, will move upward. One module walbp into an empty
cell, every three iterations. Thus compressed modulesian always progress.O

Again, we remind the reader that our first phase need notmeatmbefore the sec-
ond commences. By compressing leaves and sending thend®tier root, while
simultaneously constructing from the root whenever it becomes compressed,
the target configuration will be constructed even soondittiBg into two distinct
phases simply helps for the analysis.

4 In-place reconfiguration

This section describes an algorithm that reconfigiBésto T by restricting the
movement of all modules to the space occupiedhyT, as long as they intersect.
If SandT do not intersect, then we also use the cells on the shortdsbpaween
them. Our description assumes intersection. We call su@igarithmin-place If
all modules were to know which direction to take in each timé (for example,
by having an external source synchronously transmit instms to each module
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individually), then it would not be difficult to design an place algorithm similar
to the one in Section 3. However, in this section we imposeékgriction that all
modules are only capable of communicating locally. It isaptto direct all action.

Our algorithm consists of two phases. The first phase is icEnto phase 1
of the TREETOPATH algorithm from Section 3 (i.e., clustering around the root)

In the second phaseg carries out a DFS (depth-first search) walk ®n
dynamically constructing portions that are not alreadylate. Apart from modules
in cells adjacent t@g that receive its instructions, all other modules simplyttry
keep up withrg (i.e., they follow Q. USTERSTEP). Note that ifrg is not initially
inside T, it first must travel to such a position. At any time, this “nitay root”
will either be traveling through modules that belong to tfaetiglly constructed
treeT, or will be expanding' beyond the current tree structure, using compressed
modules that are tagging along close o

The INPLACERECONFIGURATION algorithm maintains a dynamically chang-
ing treeS, each of whose cells maintains two links: ghysicallink corresponding
to the physical connection betwearandP(u), and alogical link that could either
beNuLL, or identical to the physical link. We call the tr&einduced by the logical
links thelogical tree S always contains all occupied cellS: is the smallest tree
containing the modules that are not in their final positio inThus at the end of
the algorithmS=T andS, = 0.
We now describe the heart of the algorithm, which is the aperaf phase 2.

TARGETGROW(S T)

{1. DFS Root Update}
d < next cell in the DFS visit of.
¢ < current 2-cell in whichrg is a guest module.

Mechanical/Physical Operations
1.1 Ifdis aO0-cell,
PopPOUTLEAF(c,d)
1.2 Ifdis not a O-cell,
If c#P(d),
ATTACH(c,d) and DETACH(d, P(d)).
TRANSFER(C,d).

Tree Structure Update

1.3 SetP(c) to bed. SetP(d) to NULL
1.4 Markc as “visited”.

1.5 Included in S.

{2. Root Clustering }
Until c andd become 2-cells, repeat:
(a) Detach LeafFor all 1-cell leavesi € S, execute in parallel:
If uis marked “visited”, remove from .
(b) CLUSTERSTEM(S)
If ro is not the guest ig, SWITCH(C).
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The full algorithm is summarized in the following:

Algorithm INPLACERECONFIGURATIONS, T)

Phase 1. S« SOURCECLUSTER(S).

Phase 2. Repeat unty reaches the final position in its DFS traversal:
S« TARGETGROW(S,T).

In Phase 2, we start wit = S. Throughout this phase, the logical tree is main-
tained as a subtree of the physical trf8eC S. The host module in each cell uses a
bit to determine if the cell is also part 8f. Pointers between cells and their parents
apply for both trees.

The main idea of the target growing phase is to mqyvthrough the cells o
in a DFS order. A caravan of modules will followy, providing a steady stream of
modules to fill in empty target cells thag encounters. The algorithm repeats the
following main steps:

1. DFS Root Updatey is the guest of 2-celt and is ready to depart. It marksas
“visited” (i.e.,c now belongs td’). Thenry moves to the next cetl encountered
in a DFS walk ofT. This is accomplished either by uncompressing (popping)
intod (see Fig. 6(a— b)), or by transferringg to d (see Fig. 6(e- f)). Celld is
added tds,, if not already included.

2. Root Clustering: Modules i, attempt to move closer 1@, to ensure that they
are readily available whery needs them. However, host modules in their final
target position should never be displaced from that pasiso we must carefully
prevent such modules from compressing towagd3$o achieve this, we alternate
between the following two steps, untibndd both become 2-cells:

a. Logical Leaf Detach: remove any 1-cell leaf®fthat has been visited (i.e.,
is in T). Note that a detached 1-cell may end up baclsirone more time,
duringRoot Update

b. Cluster Step: this step is appliedSo Thus, only modules that are guests or
unvisited leaves will try to move towards.

Fig. 6 illustrates the NPLACERECONFIGURATION algorithm with the help of
a simple example. The top row of the figure shows the sourcégoationS af-
ter phase 1 completes (left), and the target robot configurétight). Links inS,
which is shaded, are depicted as arrows.

Lemma 0.7.Algorithm INPLACERECONFIGURATION maintains a physically con-
nected tree that contains all modules.

Proof is omitted for lack of space. We just mention briefly ateiesting case, in
which the root attaches to a module in a way that a cycle igeded his happens if
dis already part o8, butc # P(d). The cycle is created becauskecomes attached
tod, but is always broken by detachiddgrom its parent.
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Fig. 6: Reconfiguringsinto T: the top row shows (after SSURCECLUSTER) and T. Subsequent
figures showsS (with its logical subtre&s, shaded)a) after TARGETGROW, with each intermediate
step illustrated (DFS root update on the left and the sulesgdiclustering steps on the right)
after TARGETGROW, with each intermediate step illustratéd) after TARGETGROW, with its two
main steps (root update and root clustering) illustratdgk,f,g)show the next 4 ARGETGROW
stepsyh) after the next 2 ARGETGROWSsteps({i) after the next RRGETGROW (note the rightmost
1-cell leaf getting disconnected frof); the process continues.

In phase 1 of NPLACERECONFIGURATION SOURCECLUSTERproduces a root-
clustered tree containing in a 2-cell. We now show that phase 2 maintains this
property in constant time, regardless of hgnoves.

Lemma 0.8. TARGETGROW maintains $ as a root-clustered tree containing in
a 2-cell. Furthermore, the procedure use&lQparallel steps.

Proof. The proof is rather similar to that of Lemma 0.6. Sir@eC S, it follows
from Lemma 0.7 tha§ is physically connected.

Let Sé denote the root-clustered tree that is input feaREETGROW. In step 1
(DFS root update)3, will be modified according to any physical operations catrie
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out (FoPOUTLEAF and TRANSFER). By Lemma 0.7, these changes result in a tree,
which we callS; ™.

Since step 1 only affectsandd, it follows that at the beginning of step 2, a long
gap inSjl must contaire, which becomes a 1-cell viad®OUTLEAF (see Fig. 7a),
or via TRANSFER(see Fig. 7b).

(2) (b)

Fig. 7: DFS Root update (a)d®OuTLEAF(c,d) (b) TRANSFER(C,d).

We now show that the loop in step 2 oARGETGROW iterates at most four times
before our claim holds. Recall that, sin@ﬁl was root-clustered, children cofare
either leaves, 2-cells, or their children have that propert

Any DetachLeabperation only trims visited 1-cell leaves from the tree inds
does not affect the root-clustered property of the treerdhee two cases for the
number of QUSTERSTEP applications required to terminate the loop:

1. Sjl was obtained vidoPOUTLEAF (step 1.1):n this casec andd are 1-cells
at the beginning of step 2. If all children ofare leaves or 2-cells, then in the
first iteration of Q USTERSTEP, ¢ will become a 2-cell again. Otherwise, since
S, was root-clustered, any non-leaf 1-cell child will becom2-eell in the first
iteration. Thus in the second iteration at the latestjll become a 2-cell. Fur-
thermore, just as described in Lemma 0.6, the subtree radtady child ofc
remains root-clustered after the first application af£STERSTEP (in particular,
for the highest-priority child which is the only one that cigas). Similarly, by
the timec becomes a 2-cell, the subtree rooted atso becomes root-clustered.
The third QUsSTERSTEP makesd a 2-cell root of a root-clustered tree, since all
children ofc must have been leaves or 2-cells to supply a moduteThe fourth
CLUSTERSTEP makest a 2-cell, which terminates the loop.

2. S‘[l was obtained vialRANSFER (step 1.2):In this cased is already a 2-cell
at the beginning of step 2 because of threARSFEROperation in step 1.2. i
remains a 2-cell during the transfer, thﬁﬁl is already root-clustered and the
loop condition is satisfied. I€ is a 1-cell, arguments similar to case 1 imply
that after one application of ILSTERSTEP, S;l is root-clustered. A second
application of QUSTERSTEP makesc a 2-cell, which terminates the loopO

Theorem 0.2.ThelNPLACERECONFIGURATIONalgorithm can be implemented in
O(n) parallel steps.
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Proof. By Lemma 0.5, phase 1 us€xn) steps. Step 2 ofNPLACERECONFIGU-
RATION hasO(n) iterations, since DFS ha&3(n) complexity. By Lemma 0.8, each
iteration takes constant timeD

5 Observations

Matching lower bound: Transforming a horizontal line of modules to a vertical
line requires a linear number of parallel steps, if each n@dan only displace one
other and maximum velocity is constant.

3D: All of our techniques apply directly tol3robots, once the top and bottom sides
of cells are incorporated into our highest priority rule.

Labeled robots: Our algorithms are essentially unaffected if labels arégassl

to modules. In REETOPATH, assume that the partially constructed canonical path
is sorted. Then a new modute pushed through can bubble/tunnel to its position.
When it gets there, the tail of the path must shift over, big th straightforward
involving propagation of one compressed unit, and does mtetfere with other
modules followingm. For the in-place algorithni[ can first be constructed disre-
garding labels. A similar type of bubble-sort can then bdiadpwithin T.

Telecube robots: The natural state of a telecube robot has atom arms cordracte
There is no room to compress two modules into one cell. Thugorithm cannot
commence with BSHINLEAF operations, and it is not possible to physically ex-
change modules in adjacent cells while remaining in placavéver, consider our
first algorithm. We do not even need @ $RCECLUSTER phase, since all atoms
are packed together. The root can transmit an instructiandell at maximuny-
coordinate to act as root and immediately push out two oftdsna. For the con-
struction ofV, all analysis follows. It seems that labeled atoms within @doie
might become separated (for example, if the module is at&ipmin a tree). Thus
an extra step is used, to collect the root atoms at the botfdm o

Exact in-place reconfiguration is impossible for labeldddebe robots. Thus
the root cannot travel to any position witHiIt might be possible to deal with this
issue by requiring larger modules and designing a “reducediute shape” for the
root (e.g., fewer atoms, using naturally expanded linksjtdad, we could require
that all modules have access to the maf pfvhich means any module can begin
to expandT by filling adjacent O-cells. Instead of advancing througim-eonpty
cells of T physically, the root can just tell its neighbors to take o®rentually a
new root module would exparnidat a different connected component of O-cells.
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